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ALMOST KA¨HLER 4-DIMENSIONAL LIE GROUPS WITH
J-INVARIANT RICCI TENSOR
ANNA FINO
Abstract. The aim of this paper is to determine left-invariant strictly almost
Ka¨hler structures on 4-dimensional Lie groups (g, J,Ω) such that the Ricci tensor
is J-invariant.
1. Introduction
An almost Ka¨hler structure on a manifold M of real dimension n = 2m consists
of a symplectic form Ω, an almost complex structure J and a Riemannian metric g,
satisfying the compatibility condition
(1) Ω(X, Y ) = g(JX, Y ),
for any vector fields X, Y on M . If J is integrable, then the triple (g, J,Ω) is a
Ka¨hler structure on M . In real dimension 2, the notions of almost Ka¨hler and Ka¨hler
structure coincide, but this does not hold in higher dimensions. Through the paper,
“strictly almost Ka¨hler” will mean that the corresponding almost complex structure
is non integrable (or, equivalently, that the almost Ka¨hler structure is non Ka¨hler).
Given a symplectic manifold (M,Ω), there are many Ω-compatible almost Ka¨hler
structures on M , i.e. many pairs (g, J) which satisfy the relation (1). The space
AK(M,Ω) of all Ω-compatible metrics (or almost complex structures) is an infinite
dimensional, contractible Fre´chet space. The problem of finding distinguished Rie-
mannian metrics in AK(M,Ω) has been intensively studied (for a survey, see [3]). In
particular, such a kind of metric is given by an Einstein one. A still open conjecture
by Goldberg affirms that there exist no Einstein, strictly almost Ka¨hler metrics on a
compact symplectic manifold [10]. This conjecture is true if the scalar curvature is
non-negative [21] and there many positive results in dimension four under different
additional assumptions on the curvature [1, 4, 5, 19]. Moreover, compactness is im-
portant in the above conjecture since in [18] an example of a non-compact Ricci flat
strictly almost Ka¨hler manifold is given.
On a compact manifold M , the Einstein condition agrees with the Euler-Lagrange
equation of the Hilbert functional (integral of the scalar curvature) acting on the space
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of all Riemannian metrics on M of a given volume [7]. Blair and Ianus [8] restricted
such a functional to the space AK(M,Ω) and proved that its critical points are the
almost Ka¨hler metrics (g, J) whose Ricci tensor ρ is J-invariant, i.e. satisfies
(2) ρ(JX, JY ) = ρ(X, Y ),
for any vector fields X, Y . Therefore, the previous condition is weaker than the
Einstein and Ka¨hler condition. Almost Ka¨hler metrics (g, J) satisfying (2) have been
recently studied in [14] and have been called “harmonic almost Ka¨hler structures”.
In this paper we study such harmonic strictly almost Ka¨hler structures on simply-
connected 4-dimensional Riemannian homogeneous spaces, in particular on 4-dimensio-
nal real Lie groups. In general, any simply connected 4-dimensional Riemannian ho-
mogeneous space is either symmetric or isometric to a Lie group with a left-invariant
metric [6]. By [17] there exists no a compact strictly almost Ka¨hler locally symmetric
space.
The problem of existence of special left-invariant metrics, like Einstein and anti-
self-dual metrics, have been studied respectively in [12] and [9], where a classification
is obtained.
The almost Ka¨hler structures (g, J,Ω) that we consider are invariant, in the sense
that g, J,Ω are left-invariant tensors. We prove that a simply-connected 4-dimensional
real Lie group with an invariant harmonic strictly almost Ka¨hler structure is neces-
sarily solvable and we give a general description of its Lie algebra. Moreover, we
prove that all these Lie groups are isometric (up to homothety) to the (unique) 4-
dimensional proper 3-symmetric space (described by Kowalski [13]) and satisfy the
condition [11]
(G2) RXY ZW = RJXJY ZW +RJXY JZW +RJXY ZJW .
This space is given by R4 endowed with the Riemannian metric
g = (−x+
√
x2 + y2 + 1)du2 + (x+
√
x2 + y2 + 1)dv2 − 2ydudv
+λ2(1 + x2 + y2)−1[(1 + y2)dx2 + (1 + x2)dy − 2xydxdy)], λ > 0.
The underlying homogeneous space M is R2 ⋉ SL(2,R)/SO(2)


 a b uc d v
0 0 1

 \

 cos t − sin t 0sin t cos t 0
0 0 1

 , det( a b
c d
)
= 1


and admits a simply transitive action of a 4-dimensional (real) Lie group R2⋉Sol2 [3],
where Sol2 consists of the upper triangular matrices with positive diagonal entries,
[3, 24]. Choosing a basis of the Lie algebra of R2 ⋉ Sol2 consisting of {e1, e2} in R
2
and
e3 =
(
1 0
0 −1
)
, e4 =
(
0 1
0 0
)
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in sol2 ⊂ sl2(R), the following are the non zero Lie brackets
[e1, e3] = −e1 = [e2, e4], [e2, e3] = e2, [e3, e4] = 2e4.
2. Structure equations
Let G be a real 4-dimensional Lie group with a left-invariant Riemannian metric g
(which corresponds to an inner product g on the Lie algebra g of G). The curvature
tensor R of a left-invariant Riemannian metric is completely determined by its value
at the identity element of G. Hence R is an element of the vector space
R = S2(Λ2g∗)⊕ Λ4g∗,
where g is the Lie algebra of G, and the Ricci tensor ρ can be identified as the
component of R on S2(g∗).
Then, the curvature tensor of g and its Ricci tensor are completely determined by
the structure constants of the Lie algebra g and its inner product. Therefore the
problem is purely algebraic.
Theorem 2.1. If G is a simply-connected real 4-dimensional Lie group with an invari-
ant strictly almost Ka¨hler structure (g, J,Ω) such that the Ricci tensor is J-invariant
then there exist an orthonormal basis {e1, e2, e3, e4} of left-invariant 1-forms such that
Ω = e1 ∧ e2 + e3 ∧ e4,
Je1 = e2, Je3 = e4,
de1 = −s(e1 ∧ e3 − e2 ∧ e4) + (−s
2+t2)
2t
e1 ∧ e4 + te2 ∧ e3,
de2 = −s
2
t
e1 ∧ e3 + s(e1 ∧ e4 + e2 ∧ e3) + (s
2−t2)
2t
e2 ∧ e4,
de3 = (t
2+s2)
t
e3 ∧ e4, de4 = 0,
where t 6= 0 and s are real numbers. Relative to the above orthonormal basis, the
Ricci tensor has the diagonal form

0 0 0 0
0 0 0 0
0 0 −3(t
2+s2)2
2t2
0
0 0 0 −3(t
2+s2)2
2t2

 .
Proof. Since (G,Ω) is a 4-dimensional Lie group with a left-invariant symplectic struc-
ture Ω, G has to be solvable [15]. Then the dimension of the commutator g1 = [g, g]
is less than equal to 3. One can suppose that there exists an orthonormal basis of
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left-invariant 1-forms {e1, e2, e3, e4} on G such that
Ω = e1 ∧ e2 + e3 ∧ e4,
Je1 = e2, Je3 = e4,
de1 = a1e
1 ∧ e2 + a2e
1 ∧ e3 + a3e
1 ∧ e4 + a4e
2 ∧ e3 + a5e
2 ∧ e4 + a6e
3 ∧ e4,
de2 = b1e
1 ∧ e2 + b2e
1 ∧ e3 + b3e
1 ∧ e4 + b4e
2 ∧ e3 + b5e
2 ∧ e4 + b6e
3 ∧ e4,
de3 = c1e
1 ∧ e2 + c2e
1 ∧ e3 + c3e
1 ∧ e4 + c4e
2 ∧ e3 + c5e
2 ∧ e4 + c6e
3 ∧ e4,
de4 = 0,
where ai, bi, ci, i = 1, . . . , 6, are arbitrary real numbers. Thus, to describe the 4-
dimensional Lie groups with a strictly almost Ka¨hler structure such that the Ricci
tensor is J-invariant is equivalent to determine the real numbers ai, bi, ci, i = 1, . . . , 6,
such that
(3)


d2ei = 0, i = 1, 2, 3, dΩ = 0,
ρ(e1, e1) = ρ(e2, e2), ρ(e1, e2) = 0,
ρ(e1, e3) = ρ(e2, e4), ρ(e1, e4) = −ρ(e2, e3),
ρ(e3, e3) = ρ(e4, e4), ρ(e3, e4) = 0,
(where {e1, . . . , e4} is the dual basis of {e
1, . . . , e4} ) and J is non integrable.
The condition dΩ = 0 is equivalent to
(4)


c1 = a3 + b5,
a2 + b4 = 0,
b6 − c2 = 0,
a6 + c4 = 0
and the conditions d2ei = 0, i = 1, 2, 3, are:
(5)


−a1b6 − c6a2 − b3a4 + a5b2 + b6a6 = 0,
−a1a2 − b1a4 − b6a4 − a6a2 = 0,
a1b5 + a2c5 − a3a6 − c3a4 − b1a5 − b5a6 = 0,
a1a6 − 2a2a5 + a3a4 − b5a4 − c6a4 − a
2
6 = 0,
−b1b6 − a3b2 − c6b2 + 2a2b3 + b5b2 + b
2
6 = 0,
b1a2 − a1b2 − a6b2 + b6a2 = 0,
b1a3 + b2c5 − a1b3 + a2c3 − b5b6 − a3b6 = 0,
b1a6 − a5b2 + b3a4 + c6a2 − b6a6 = 0,
−2a3b6 − b5b6 + a6b3 + c3a2 + b2c5 = 0,
2a3b5 + b
2
5 + a
2
3 + b6c5 + c3a6 − a1c3 − c6a3 − c6b5 − b1c5 = 0,
a3a6 + 2b5a6 − b6a5 + c3a4 − a2c5 = 0,
a1b6 − a6b1 = 0.
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The Ricci tensor ρ of the metric g is J-invariant if and only if
(6)


ρ(e1, e1)− ρ(e2, e2) =
1
2
c25 − c6a3 − b5a4 + a
2
4 − b
2
2 + a
2
5 − b
2
3 + c6b5
−3
2
b26 +
3
2
a26 + b
2
5 − a3b2 − a3a4 − a
2
3 − b5b2 −
1
2
c23 − a1a6 + b1b6 = 0,
ρ(e1, e2) = −b1a6 − a2a4 +
3
2
b6a6 −
1
2
c3c5 − b3b5 + a2b5
a2a3 + a2b2 − a5a3 −
1
2
c6a5 −
1
2
c6b3 = 0,
ρ(e1, e3)− ρ(e2, e4) = a6c6 +
3
2
b6a2 −
1
2
b6a5
−1
2
a4a6 − c6c3 +
1
2
a5c5 +
1
2
a3a6 − a6b5
+1
2
a2c5 −
3
2
a6a3 − a6b2
1
2
c3a3 −
1
2
c3a4 + a1a3 + a1a4 + b1b3 − b1a2 = 0,
ρ(e1, e4) + ρ(e2, e3) = −
1
2
a6b3 +
3
2
a6a2
+a4b6 +
1
2
c5b5 +
1
2
c5b2 +
1
2
c3b3 +
1
2
c3a2 − a3b6 −
3
2
b6b5 + b6c6
−a1a2 + a1a5 − b1b2 + b1b5 − c6c5 +
1
2
b2b6 = 0,
ρ(e3, e3)− ρ(e4, e4) = −2a
2
2 + c
2
5 − c6a3 −
1
2
a24 − a4b2
−1
2
b22 + a5b3 +
1
2
a25 +
1
2
b23 − c6b5 + b6c5 + c3a6 − a
2
6
−b26 +
3
2
b25 + a3b5 +
3
2
a23 − b1b6 − a1a6 + c
2
3 = 0,
ρ(e3, e4) = a6c5 −
1
2
b1c3 +
1
2
b1a6 − a2a3 + a6b6 − b6c3
−b6a6 +
1
2
a1c5 −
1
2
a1b6 −
1
2
b3a4 −
1
2
b3b2
a2b5 −
1
2
a5a4 −
1
2
a5b2 = 0.
Moreover, J is integrable if and only
(7)


c4 = −c3, c5 = c2,
b4 = −b3 + a2 − a5,
b5 = b2 + a3 + a4.
Then, by imposing (4),(5),(6), we get the following cases for the relations between
the non zero parameters:
case 1) b3 = −a5, c6 any real number;
case 2) c6 = 2b5, b3 = −a5, a3 = b5;
case 3) c4 = −a6, a1 =
(a2
4
+a4c6+a26)
a6
, a3 = −a4, c3 = a6;
case 4) c6 = −a4, a3 = −a4, a1 any real value;
case 5) c6 = 2b5, a3 = −b5, b2 = −2b5;
case 6) c6 = 2b5, a3 = −b5, b2 = 2b5;
case 7) a4 = −b2, a5 = −b3;
case 8) a2 = −b4, a3 =
b24
b5
, a4 = −
b24
b5
, a5 = −b4, b2 = b5, b3 = −b4, c6 =
(b24+b
2
5)
b5
;
case 9) a1, b1, c6 any real value;
case 10) a3 = −
1
2
b2, b5 =
1
2
b2, c6 = b2;
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case 11) a3 =
1
2
b2, b5 = −
1
2
b2, c6 = −b2;
case 12) b1 =
(−c6b2+b22+b
2
6
)
b6
, b5 = b2, c2 = b6, c5 = b6;
case 13) a1 = a6, b1 = b6, c2 = b6, c3 = a6, c5 = b6, c6 any real value;
case 14) a3 =
1
2
c6, a4 = c6, b5 = −
1
2
c6;
case 15) a3 =
1
2
c6, a4 = −c6, b5 = −
1
2
c6;
case 16) a2 = −a5, a3 =
(−a25+a
2
4)
2a4
, b2 = −
a25
a4
, b3 = a5, b4 = a5, b5 =
(a25−a
2
4)
2a4
,
c6 =
(a2
4
+a2
5
)
a4
;
case 17) a2 = a5, a3 =
(a2
5
−a2
4
)
2a4
, b2 = −
a2
5
a4
, b3 = a5, b4 = −a5, b5 =
(−a2
5
+a2
4
)
2a4
,
c6 =
(−a2
4
−a2
5
)
a4
.
Using (7) we can exclude the cases 1), 2), 3), 4), 6), 7), 8), 9), 10), 12), 13), 15),
since in all these cases J is integrable. In the remaining cases the corresponding Lie
group has the following structure equations:
5)
{
de1 = −b5e
1 ∧ e4, de2 = b5(e
2 ∧ e4 − 2e1 ∧ e3),
de3 = 2b5e
3 ∧ e4, de4 = 0,
(with ρ(e1, e1) = 0 and ρ(e3, e3) = −6b
2
5)
11)
{
de1 = 1
2
b2e
1 ∧ e4, de2 = b2e
1 ∧ e3 − 1
2
b2e
2 ∧ e4,
de3 = −b2e
3 ∧ e4, de4 = 0,
(with ρ(e1, e1) = 0 and ρ(e3, e3) = −
3
2
b22)
14)
{
de1 = 1
2
c6e
1 ∧ e4 + c6e
2 ∧ e3, de2 = −1
2
c6e
2 ∧ e4,
de3 = c6e
3 ∧ e4, de4 = 0,
(with ρ(e1, e1) = 0 and ρ(e3, e3) = −
3
2
c26)
16)


de1 = −a5(e
1 ∧ e3 − e2 ∧ e4) +
(−a2
5
+a2
4
)
2a4
e1 ∧ e4 + a4e
2 ∧ e3,
de2 = −
a2
5
a4
e1 ∧ e3 + a5(e
1 ∧ e4 + e2 ∧ e3) +
(a2
5
−a2
4
)
2a4
e2 ∧ e4,
de3 =
(a24+a
2
5)
a4
e3 ∧ e4, de4 = 0,
(with ρ(e1, e1) = 0 and ρ(e3, e3) = −
3
2
(a2
4
+a2
5
)2
a2
4
)
17)


de1 = a5(e
1 ∧ e3 + e2 ∧ e4) +
(a25−a
2
4)
2a4
e1 ∧ e4 + a4e
2 ∧ e3,
de2 = −
a2
5
a4
e1 ∧ e3 + a5(e
1 ∧ e4 − e2 ∧ e3) +
(−a2
5
+a2
4
)
2a4
e2 ∧ e4,
de3 =
(−a2
4
−a2
5
)
a4
e3 ∧ e4, de4 = 0,
(with ρ(e1, e1) = 0 and ρ(e3, e3) = −
3
2
(a24+a
2
5)
2
a2
4
).
If one puts b5 = −
1
2
b2 in the structure equations 5) one gets the structure equa-
tions 11). Moreover, the Lie group with structure equations 14) is isomorphic to 5)
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considering the new basis
f 1 = −e2, f 2 = e1, f 3 = e3, f 4 = e4.
If one put a5 = 0 in the structure equations 16) one gets 5). Then 5) is a particular
case of 16). Finally 17) is isomorphic to 16) considering the new basis
f 1 = e1, f 2 = −e2, f 3 = −e3, f 4 = −e4.
and the respective metrics are isometric. Thus G must have structure equations
16). 
Remark 2.1. One has that
trace(ade4) =
t2 + s2
t
6= 0.
Therefore G is not unimodular and it does not admit any compact quotient [16].
Remark 2.2. For any t 6= 0 and s ∈ R the metric g of Theorem 2.1 is never Einstein.
Then, there exist no left-invariant Einstein, strictly almost Ka¨hler metrics on real
4-dimensional Lie groups.
If one investigates left-invariant (non flat) Ka¨hler-Einstein metrics on 4-dimensional
Lie groups, by using the proof of the above theorem and then by imposing the con-
ditions (4), (5), (6), (7) and
ρ(e1, e1) = ρ(e3, e3),
one gets the following cases for the relations between the non zero parameters:
case 2) with b5 6= 0: the corresponding Lie group has structure equations:
de1 = b5e
1 ∧ e4 + a5e
2 ∧ e4, de2 = −a5e
1 ∧ e4 + b5e
2 ∧ e4,
de3 = 2b5(e
1 ∧ e2 + e3 ∧ e4), de4 = 0
and ρ(e1, e1) = −6b
2
5.
case 3) with c6 =
a3
4
+3a2
6
a4
a2
6
−a2
4
: the corresponding Lie group has structure equations:
de1 =
a36+3a
2
4a6
a2
6
−a2
4
e1 ∧ e2 − a4e
1 ∧ e4 + a4e
2 ∧ e3 + a6e
3 ∧ e4, de2 = 0,
de3 = −a4e
1 ∧ e2 + a6(e
1 ∧ e4 − e2 ∧ e3) +
a34+3a
2
6a4
a2
6
−a2
4
e3 ∧ e4, de4 = 0,
and ρ(e1, e1) = −2
(a2
4
+a2
6
)3
(a2
4
−a2
6
)2
.
case 4) with a1 = 0: the corresponding Lie group has structure equations:
de1 = a4(−e
1 ∧ e4 + e2 ∧ e3), de2 = 0,
de3 = −a4(e
1 ∧ e2 + e3 ∧ e4), de4 = 0,
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and ρ(e1, e1) = −2a
2
4. This case is equivalent to the case 3) imposing a6 = 0.
case 8): the corresponding Lie group has structure equations:
de1 = −b4(e
1 ∧ e3 + e2 ∧ e4) +
b2
4
b5
(e1 ∧ e4 − e2 ∧ e3),
de2 = b5(e
1 ∧ e3 + e2 ∧ e4)− b4(e
1 ∧ e4 − e2 ∧ e3),
de3 =
b24+b
2
5
b5
(e1 ∧ e2 + e3 ∧ e4), de4 = 0,
and ρ(e1, e1) = −
2(b25+b
2
4)
2
b2
5
.
case 9) with a21 + b
2
1 = c
2
6: the corresponding Lie group has structure equations:
de1 = a1e
1 ∧ e2, de2 = b1e
1 ∧ e2,
de3 = c6e
3 ∧ e4, de4 = 0
and ρ(e1, e1) = −a
2
1 − b
2
1.
case 12) with c6 =
b3
2
+3b2
6
b2
b2
2
−b2
6
: the corresponding Lie group has structure equations:
de1 = 0, de2 =
(−b36−3b
2
2b6)
b2
2
−b2
6
e1 ∧ e2 + b2(e
1 ∧ e3 + e2 ∧ e4) + b6e
3 ∧ e4,
de3 = b2e
1 ∧ e2 + b6(e
1 ∧ e3 + e2 ∧ e4) +
b3
2
+3b2
6
b2
b2
2
−b2
6
e3 ∧ e4, de4 = 0,
and ρ(e1, e1) = −2
(b22+b
2
6)
3
(b2
2
−b2
6
)2
. This case is equivalent to the case 8) taking the new basis
{f 1 = −e2, f 2 = e1, f 3 = e3, f 4 = e4} and b2 = −a4, b6 = a6.
case 13) with c6 = 0: the corresponding Lie group has structure equations:
de1 = a6(e
1 ∧ e2 + e3 ∧ e4), de2 = b6(e
1 ∧ e2 + e3 ∧ e4),
de3 = b6(e
1 ∧ e3 + e2 ∧ e4) + a6(e
1 ∧ e4 − e2 ∧ e3), de4 = 0,
and ρ(e1, e1) = −2a
2
6 − 2b
2
6.
Comparing all the above possibilities with the list of non-isomorphic Lie algebras
given in [12] in the case 2) one gets the family of non isomorphic Lie algebras, for
distinct values of t, with structure equations
df 1 = 0,
df 2 = f 1 ∧ f 2 − tf 1 ∧ f 3,
df 3 = tf 1 ∧ f 2 − f 1 ∧ f 3,
df 4 = df 2 = −2f 1 ∧ f 4 + 2f 2 ∧ f 3, 0 ≤ t <∞,
and as Riemannian space each of these is the hermitian hyperbolic space. In the
remaining cases one gets the direct sum of a 2-dimensional Lie algebra with itself and
as Riemannian space the direct product of a 2-dimensional solvable group manifold,
of curvature −1, with itself.
A classification of 4-dimensional solvable Lie algebras appears for example in [23]
and a description of all simply-connected, 4-dimensional solvable real Lie groups which
have commutators of dimension 3 is also given in [20], where a classification of such
Lie groups admitting a left-invariant complex structure is given. We can prove that
ALMOST KA¨HLER 4-DIMENSIONAL LIE GROUPS WITH J-INVARIANT RICCI TENSOR 9
all the Lie algebras with structure equations 16) are isomorphic to the Lie algebra of
type g4,9(α) with structure equations
df 1 = 0,
df 2 = (1− α)f 1 ∧ f 2,
df 3 = −f 1 ∧ f 3,
df 4 = −αf 1 ∧ f 4 − f 2 ∧ f 3.
and α = 1
2
. The Lie algebra g4,9(2) is one of the Lie algebras with anti-self-dual non
conformally flat inner product [9].
Theorem 2.2. Let G be a 4-dimensional Lie group admitting an invariant strictly
almost Ka¨hler structure (g, J,Ω) such that the Ricci tensor is J-invariant then its
Lie algebra g is isomorphic to the Lie algebra g4,9(
1
2
) (in the notation of [23]) with
structure equations
(8)
df 1 = 0,
df 2 = 1
2
f 1 ∧ f 2,
df 3 = −f 1 ∧ f 3,
df 4 = −1
2
f 1 ∧ f 4 − f 2 ∧ f 3
and g is homothetic to the metric
h = (f 1)2 + (f 2)2 + (f 3)2 + (f 4)2.
Proof. By the previous Theorem, g has structure equations 16) and thus it is an
abelian extension of the Lie algebra of the real 3-dimensional Heisenberg Lie alge-
bra. Indeed, one has that G is 3-step solvable with the commutator g1 = [g, g] the
real 3-dimensional Heisenberg Lie algebra, spanned by {Z,X, Y } with Z central and
[X, Y ] = Z, where
Z = a4e1 + a5e2, X = e3, Y = e2.
One can remark that ade4 is a derivation of g
1 such that
ade4(Z) = ηZ,
ade4(X) = aZ + µX + δY,
ade4(Y ) = bZ + kX + νY,
with
η =
(a24 + a
2
5)
2a4
=
1
2
µ = −ν, δ = a = k = 0, b =
a5
a4
.
Then if one consider on G the new basis {A,Z,X, Y } (where A = 1
µ
e4), one has the
following non zero Lie brackets
[A,Z] =
1
2
Z, [A,X ] = X, [A, Y ] =
b
µ
Z −
1
2
Y, [X, Y ] = Z.
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If one considers the new basis{
f1 = A, f2 =
1√
a24 + a
2
5
(−Y +
b
µ
Z), f3 =
1
µ
X, f4 =
a4
(a24 + a
2
5)
3/2
Z
}
(which is orthogonal with respect to g) one has
[f1, f4] =
1
2
f4, [f1, f2] = −
1
2
f2, [f1, f3] = f3, [f2, f3] = f4
and then one obtains the Lie algebra g4,9(
1
2
) with structure equations (8). Moreover,
(g, g) is isometric to g4,9(
1
2
) endowed with the metric
(a24 + a
2
5)
2
a24
(
(f 1)2 + (f 2)2 + (f 3)2 + (f 4)2
)
,
since ||fi||
2 = 1
µ2
=
a24
(a2
4
+a2
5
)2
, for any i = 1, 2, 3, 4. 
Remark 2.3. It is easy to check that the Lie algebra g4,9(
1
2
) is isomorphic to the Lie
algebra of R2 ⋉ Sol2.
3. Curvature
If (M, g) is an oriented 4-dimensional Riemannian manifold, the action of the Hodge
∗ operator on the bundle of the 2-forms Λ2M induces the decomposition
Λ2M = Λ+M ⊕ Λ−M,
into the subbundles of self-dual and anti-self-dual 2-forms. If one considers the Rie-
mannian curvature tensor R as a symmetric endomorphism of Λ2M one has the
following SO(4)-splitting
R =
s
12
Id|Λ2M + ρ˜0 +W
+ +W−,
where s is the scalar curvature, ρ˜0 is the Kulkarni-Nomizu extension of the traceless
Ricci tensor ρ0 to an endomorphism of Λ
2M (anti-commuting with ∗) and W± are
the self-dual and anti-self-dual parts of the Weyl tensor W .
If (M, g, J) is an almost Hermitian 4-manifold and Ω the corresponding Ka¨hler
form, the action of J gives rise to the following orthogonal splitting
(9) Λ+M = RΩ⊕ [[Λ0,2M ]],
where [[Λ0,2M ]] denotes the bundle of the bundle of the J-anti-invariant real 2-forms.
Then, the vector bundle W+ = S20(Λ
+M) of the symmetric traceless endomorphisms
of Λ+M decomposes into the sum of the three sub-bundles W+i , i = 1, 2, 3 [22]. More
precisely:
W+1 is the trivial line bundle generated by the element
1
8
Ω⊗ Ω− 1
12
Id|Λ+M ;
W+2 = [[Λ
0,2M ]] is the subbundle of elements which exchange the two factor in (9);
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W+3 = S
2
0([[Λ
0,2M ]]) is the subbundle of elements preserving the splitting (9) and
acting trivially on the first factor RΩ.
Moreover
ρ˜0 = ρ˜0
inv + ρ˜0
anti,
where ρ˜inv0 and ρ˜
anti
0 are the Kulkarni-Nomizu extensions of the J-invariant and
J-anti-invariant parts of the traceless Ricci tensor.
By [2] any strictly almost Ka¨hler 4-manifold whose curvature satisfies the three
conditions
(i) ρ˜0
anti = 0, (ii) W+2 = 0, (iii) W
+
3 = 0
is locally isometric to the (unique) 4-dimensional proper 3-symmetric space.
The relations (i),(ii),(iii) are closely related to the conditions defined by A. Gray
[11]
(G1) RXY ZW = RXY JZJW ,
(G2) RXY ZW = RJXJY ZW +RJXY JZW +RJXY ZJW ,
(G3) RXY ZW = RJXJY JZJW .
Indeed, by [2] an almost Hermitian 4-manifold (M, g, J) satisfies the property (G3)
if and only if the Ricci tensor is J-invariant and W+2 = 0. It satisfies (G2) if, in
addition, W+3 = 0. By [2], a complete, simply connected strictly almost Ka¨hler 4-
manifold which satisfies the condition (G2) is isometric to the proper 3-symmetric
space.
By Theorem 2.1 if G is a simply connected real 4-dimensional Lie group with an
invariant strictly almost Ka¨hler structure (g, J,Ω) such that the Ricci tensor is J-
invariant, then the non zero components of the Riemannian curvature R in terms of
the orthonormal basis {e1, . . . , e4} are given by
R1212 = R1234 = R3412 =
1
2
(t2+s2)2
t2
,
R1313 = −R1324 = R1414 = R1423 = R2314 = R2323 = −R2413 = R2424 = −
1
4
(t2+s2)2
t2
,
R3434 = −
(t2+s2)2
t2
.
By direct computation, one has that W+2 = 0, since ρ
∗(R− L3R) = 0, where
ρ∗(R)(x, y) =
∑4
i=1R(x, ei, Jy, Jei),
(L3R)(x, y, z, w) = R(Jx, Jy, Jz, Jw)
and W+3 = 0 since
1
4
(I − L2)(I + L3)(R) = 0, where
(L2R)(x, y, z, w) =
1
2
[R(x, y, z, w)+R(Jx, Jy, z, w)+R(Jx, y, Jz, w)+R(Jx, y, z, Jw)].
Then the Lie group G satisfies the condition (G2). As a consequence,
Corollary 3.1. If G is a simply connected real 4-dimensional Lie group with an
invariant strictly almost Ka¨hler structure (g, J,Ω) such that the Ricci tensor is J-
invariant, then G satisfies the condition (G2) and (up to homothety) is isometric to
the (unique) 4-dimensional proper 3-symmetric space.
ALMOST KA¨HLER 4-DIMENSIONAL LIE GROUPS WITH J-INVARIANT RICCI TENSOR 12
Acknowledgements. The author is grateful to Vestislav Apostolov, Sergio Gar-
biero and Simon Salamon for useful conversations and remarks.
References
1. V. Apostolov, J. Armstrong, Symplectic 4-manifolds with Hermitian Weyl ten-
sor, Trans. Amer. Math. Soc. 352 (2000), 4501-4513.
2. V. Apostolov, J. Armstrong, T. Draˇghici, Local rigidity of certain classes of
almost Ka¨hler 4-manifolds, Ann. Glob. Anal. Geom. 21 (2002), 151-176.
3. V. Apostolov, T. Draˇghici, The curvature and the integrability of almost-Ka¨hler
manifolds: a survey, preprint math.DG/0302152.
4. J. Armstrong, On four dimensional almost Ka¨hler manifolds, Quart. J. Math.
Oxford Ser. (2) 48 (1997), 405-415.
5. J. Armstrong, An ansatz for almost-Ka¨hler, Einstein 4-manifolds, J. reine angew
Math. 542 (2002), 53-84.
6. L. Berard Bergery, Les espaces homogenes Riemanniens de dimension 4, in Rie-
mannian geometry in dimension 4 (Paris, 1978/1979), 40–60, Textes Math, 3,
CEDIC, Paris, 1981, 40-60.
7. A. L. Besse, Einstein manifolds, Ergeb. Math. Grenzbeg. 3, Folge 10, Springer-
Verlag, Berlin, Heidelberg, New York, 1987.
8. D. E. Blair, S. Ianus, Critical associated metrics on symplectic manifolds, Con-
temp. Math. 51 (1986), 23-29.
9. V. De Smedt, S. Salamon, Anti-self-dual metrics on Lie groups, Differential
geometry and integrable systems (Tokyo, 2000), 63-75, Contemp. Math., 308,
Amer. Math. Soc., Providence, RI, 2002.
10. S. I. Goldberg, Integrability of almost-Ka¨hler manifolds, Proc. Amer. Math.
Soc. 21 (1969), 96-100.
11. A. Gray, Curvature identities for Hermitian and almost Hermitian manifolds,
Tohoku Math. J. 28 (1976), 601-612.
12. G. Jensen, Homogeneous Einstein spaces of dimension four, J. Differential Ge-
ometry 3 (1969), 309-349.
13. O. Kowalski, Generalized symmetric spaces, Lecture Notes Math. 805, 1980.
14. H. V. Le, G. Wang, Anti-complexified Ricci flow on compact symplectic mani-
folds, J. Reine Angew. Math. 530 (2001), 17-31.
15. A. Lichnerowicz, A. Medina, On Lie groups with left-invariant sumplectic or
Ka¨hlerian structures, Lett. Math. Phys. 16 (1988), 225-235.
16. J. Milnor, Curvatures of left invariant metrics on Lie groups, Advances in Math.
21 (1976), no. 3, 293-329.
17. N. Murakoshi, T. Oguro, K. Sekigawa, Four-dimensional almost Khler locally
symmetric spaces, Differential Geom. Appl. 6 (1996), no. 3, 237–244.
ALMOST KA¨HLER 4-DIMENSIONAL LIE GROUPS WITH J-INVARIANT RICCI TENSOR 13
18. P. Nurowski, M. Przanowski, A four-dimensional example of Ricci flat metric
admitting almost Ka¨hler non Ka¨hler structure, Classical Quantum Gravity 16
(1999), no. 3, L9–L13.
19. T. Oguro, K. Sekigawa, Four-dimensional almost-Ka¨hler Einstein and ∗-Einstein
manifolds, Geom. Dedicata 69 (1998), 91-112.
20. G. Ovando, Invariant complex structures on solvable real Lie groups,
Manuscripta Math. 103 (2000), no. 1, 19-30.
21. K. Sekigawa, On some compact Einstein almost-Ka¨hler manifolds, J. Math. Soc.
Japan 36 (1987), 677-684.
22. F. Tricerri, L. Vanhecke, Curvature tensors on almost Hermitian manifolds,
Trans. Amer. Math. Soc. 267 (1981), 365-398.
23. M. Vergne, Representations des groupes de Lie resoluble, Monographie Soc.
Math. France, vol. 4, Dunod, Paris, 1972.
24. C. T. C. Wall, Geometries and geometric structures in real dimension 4 and
complex dimension 2, Geometry and topology (College Park, Md., 1983/84),
268-292, Lecture Notes in Math. 1167, Springer, Berlin, 1985.
Dipartimento di Matematica, Universita´ di Torino, Via Carlo Alberto 10, 10123
Torino, Italy
E-mail address : annamaria.fino@unito.it
